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Abstract. Let V be a cofibrantly generated monoidal model category and let 
M be a monoidal V-model category. Given a cofibrant C-coloured operad CP 
in V, we give sufficient conditions for the fibrant replacement and cofibrant 
replacement functors in Mp to preserve CP-algebra structures. In particular, 
we show how CP-algebra structures can be transferred along derived Quillcn 
adjunctions of monoidal V-model categories, and we apply this result to the 
Quillcn adjunctions defined by enriched Bousfield localizations and colocaliza- 
tions on M. As an application, we prove that in the category of symmetric 
spectra the n-connective cover functor preserves Aoo and Eoo module spectra 
over connective ring spectra, for every n g Z. 



1. Introduction 

A systematic study about the preservation of algebras over coloured operads in 
simplicial monoidal model categories was undertaken in |CGMV10] , where sufficient 
conditions were given for a homotopical localization functor to preserve algebras 
over cofibrant operads. The examples included and structures in the cat- 
egory of topological spaces and in the category of symmetric spectra, but also 
encompassed a number of previous results about preservation of structures under 
localizations, such as homotopy associative _ff-spaces, loop spaces or infinite loop 
spaces |Bou96j . |Far96j . and homotopy ring spectra and homotopy module spec- 
tra |CG05j . Similar techniques have been used recently to prove that the slice 
functor in motivic stable homotopy preserves motivic ring spectra and motivic 
£oo modules |GRS01O| . 

In this paper, we study how the classes of algebras over cofibrant operads can 
be transferred along derived Quillcn adjunctions of monoidal V-categories, gener- 
alizing the results of |CGMV10] in two ways. First, we extend the framework to 
monoidal V-categories, where V is a closed symmetric monoidal category. These are 
categories enriched, tensored and cotensored over V and with a monoidal structure 
compatible with the one in V in a suitable way. And second, we consider more gen- 
eral transformations, namely monads and comonads associated to derived Quillcn 
adjunctions of monoidal V-model categories. Enriched Bousfield localizations and 
enriched Bousfield colocalizations, as defined in jBarlOj . are particular instances of 
this situation. 
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We will make use of the existence of a cofibrantly generated semi model structure 
on the category of C-coloured operads in any cofibrantly generated monoidal model 
category V, transferred from the model structure on the category of C-coloured 
collections in V along the free-forgetful adjunction. Thus, fibrations and weak 
equivalences of operads arc defined at the level of the underlying collections. Semi 
model structures appeared in |Hov98j for the study of categories of algebras over 
commutative monoids, and were firstly used for categories of operads in |Spi01| . In 
a semi model structure all the axioms for a model structure are satisfied, except for 
the lifting and factorization axiom which are required to hold only for morphisms 
with cofibrant domain. 

We prove the following statement. Let IP be a cofibrant operad in a cofibrantly 
generated monoidal model category V. Let M and N be monoidal V-model cate- 
gories with cofibrant units, and F: M IN" : U a monoidal Quillcn V-adjunction. 
Let 

LF : Ho(M) < 1 Ho(N) : WJ 

denote the derived adjunction. If X is a IP-algebra with X cofibrant in M, then 
RUhFX admits a homotopy unique IP-algebra structure such that the unit of the 
derived adjunction X — » M.UhFX is a map of IP-algebras. Dually, if X is a IP-algebra 
with X fibrant in M, then 'LFM.UX admits a homotopy unique IP-algebra struc- 
ture such that the counit of the derived adjunction 1LFM.UX -> X is a map of 
IP-algebras. See Theorem 14.71 and Theorem 14.81 below for a more general variant of 
these statements. 

Our theorems specialize to the following situation. If, in the above adjunction, 
IN = M,£ is the enriched localized model structure with respect to a set of maps 
£, then the identity functors form a Quillen adjunction and the unit of the derived 
adjunction is precisely the ^-localization map. Similarly if M = IN^ is the enriched 
colocalized model structure with respect to a set of objects X, then the identity 
functors form a Quillen adjunction and the counit of the derived adjunction is 
the UC-colocalization map. Thus, we give sufficient conditions for localizations and 
colocalizations to preserve IP-algebra structures. In the case of localization functors, 
these results improve the ones in |CGMV10l §6] . 

Since we are dealing with algebras over C-coloured operads, sometimes we will 
need to apply our localization or colocalization functors on some subset of the com- 
ponents. For this purpose, we introduce ideals and coideals on the set of colours of 
a given C-coloured operad. These notions will be useful for discussing colocaliza- 
tion of modules over monoids, for example. See Theorem 16.31 and Theorem 16.41 for 
precise statements. 

We illustrate our results with the following example. For a given n £ Z, let K n 
denote the (n — l)-connective cover functor in the category of symmetric spectra, 
i.e., the enriched Bousfield colocalization functor on the category of symmetric 
spectra enriched over simplicial sets with respect to T, n S°, where S° denotes the 
sphere spectrum. We prove that if R is an ring and M is an E^ module with R 
and M fibrant as spectra, then the (n — l)-connective cover K n M has a homotopy 
unique Eoo module structure over the Eoa ring KqR such that the colocalization 
map is a map of Eoa modules. The same statement is true for A x modules over 
Aoo rings. 

Acknowledgements. I would like to thank Denis-Charles Cisinski for sharing with 
me some of his ideas on the topic of this paper and for many helpful discussions. 
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2. Background on model categories 

In this section, wc recall the definition of a derived Quillen adjunction between 
two model categories and the basic notions of enriched category theory in the 
context of model categories; see |Hov991 §4] for details. 

A model category is a category M with a model structure as in |Qui67| , [Hov99 
or |Hir03j . We will assume the existence of functorial factorizations as part of the 
definition of a model category. Thus, every model category M comes equipped with 
a cofibrant replacement functor Q : M. — > M together with a natural transformation 
i : Q — > Id such that ix ■ QX — > X is a trivial fibration and QX is cofibrant for every 
X in M. Dually, there exist a fibrant replacement functor R : M — > M together with 
a natural transformation j : Id — > R such that jx ■ X — > RX is a trivial cofibration 
and RX is fibrant for every X in M. 

The homotopy category of a model category M will be denoted by Ho(M) and 
is the category obtained by inverting the weak equivalences in M. It is equivalent 
to the quotient category of the fibrant and cofibrant objects modulo the homotopy 
relation. 

2.1. Quillen functors. An adjoint pair F: M ^ J\T: U between model categories 
is called a Quillen adjunction if F preserves cofibrations and trivial cofibrations or, 
equivalently, if U preserves fibrations and trivial fibrations. The left adjoint of a 
Quillen adjunction is called a left Quillen functor and the right adjoint is called a 
right Quillen functor. 

By Ken Brown's lemma |Hov991 Lemma 1.1.12], every left Quillen functor sends 
weak equivalences between cofibrant objects to weak equivalences and, dually, ev- 
ery right Quillen functor sends weak equivalences between fibrant object to weak 
equivalences. 

If F: M — > N is a left Quillen functor, then the left derived functor 

TLF: Ho(JVt) — > Ho(K) 

is defined by LF = F oQ 7 where Q denotes the cofibrant replacement functor in M. 
Similarly, if U : J\f — > M is a right Quillen functor, then the right derived functor 

RU: Ho(jV) — > Ho(JVt) 

is defined as MU — U o _R, where R denotes the fibrant replacement functor. 

Every Quillen adjunction F:M^N: U induces a derived adjunction between 
the homotopy categories 

LF: Ho(M) \ > Ho(N) : RU 

2.2. Enriched monoidal model categories. Given two model categories V and 
M, a Quillen adjunction of two variables is a triple of bifunctors —0—: VxM — > M, 
Hom(-,-): M°p x M — > V and (-) ( " } : V°p x M — > M together with natural 
isomorphisms 

V(A, Hom(X, Y)) ^ M(A @X,Y) = M(X, Y A ) 

for every X and Y in M and every A in V, such that if / : A —> B is a cofibration 
in V and g : X — > Y is a cofibration in M, then the pushout-product of / and g 

(2.1) (A Y) Y[ (B X) — -> B Y 

A&X 
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is a cofibration that is trivial if either / or g is trivial. By adjointness, condition (|2.1j) 
is equivalent to the following analog of Quillen's (SM7) axiom for simplicial model 
categories |Qui67| II.§2]: If /: X — > Y is a cofibration in M and g: W — > Z is a 
fibration in M, then the morphism 

(2.2) Hom(r, W) — > Hom(y, Z) x Hom (x,z) Hom(A, W) 

is a fibration in V that is trivial if either / or g is trivial. 

Observe that if A is cofibrant in V, then the functor A — is a left Quillcn 
functor, with right adjoint (— ) . Also, if X is cofibrant in M, then — X is a left 
Quillcn functor with right adjoint Hom(A, — ). 

A monoidal model category is a closed symmetric monoidal category V with 
tensor product 0, unit object / and internal horn denoted by Homv together with 
a model structure that satisfies the following two axioms: 

(i) Pushout-product axiom. The functors — — , Homv(— , — ) and Homy(— , — ) 
form a Quillcn adjunction of two variables. 

(ii) Unit axiom. The natural map 

q®\: I ® A — > I A 

is a weak equivalence in V for every cofibrant A, where q: I —> I denotes 
any cofibrant approximation of the unit of V. (A cofibrant approximation 
to A is a cofibrant object X and a weak equivalence X — > X.) 

A direct consequence of the pushout-product axiom is that the tensor product of 
two cofibrations with cofibrant domains is again a cofibration. Note that the unit 
axiom holds trivially if the unit of V is cofibrant. 

A functor F : V — > V between symmetric monoidal categories is called symmetric 
monoidal if it is equipped with a unit a: Iy> — > F(Iy) and a binatural transforma- 
tion m: F(— ) 0y F(— ) — » F(— 0v — ) satisfying the usual associativity, symmetry 
and unit conditions. A symmetric monoidal functor is called strong if the structure 
maps are isomorphisms. 

Given two (strong) symmetric monoidal functors F and F 1 : V — > V, a symmetric 
monoidal natural transformation is a natural transformation r : F — > F' satisfying 
a pi = ti v o ap, and such that the diagram 

FX 0v FY " lF ) F(X V Y) 

TX&TY 

F'X 0y F'Y F'(X V Y) 

commutes for every X and Y in V. 

Let V and V be two monoidal model categories. Recall from [Hov991 Defini- 
tion 4.2.16] that a Quillen adjunction F : V V : U is called a monoidal Quillen 
adjunction if the left adjoint F is strong symmetric monoidal, and for any cofibrant 
approximation of the unit Iy — > Iy, the map F(Iy) — > F(Iy) = Iy is a weak 
equivalence. Note that in this case the right adjoint U is automatically symmetric 
monoidal, since F is strong symmetric monoidal. 

Definition 2.1. Let V be a monoidal model category. A V -model category is 
a category M enriched, tensored and cotensored over V together with a model 
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structure such that the tensor, enrichment and cotensor define a Quillen adjunction 
of two variables, and for every cofibrant object X in M, the map 

I® X — >I®X 

is a weak equivalence in M, where I I denotes any cofibrant approximation of 
the unit. 

Definition 2.2. Let V be a monoidal model category. A monoidal V-model cate- 
gory is a monoidal model category M together with a monoidal Quillen adjunction 
i: V Z± M: r. 

Every monoidal model category V is itself a V-modcl category with the tensor 
product and the internal horn of V, and it is also a monoidal V-modcl category 
trivially by taking F = U = Id. 

The following result is a direct consequence of the pushout-product axiom in V 
and in M, and the fact that i is a left Quillen functor and r a right Quillen functor. 

Proposition 2.3. Let M be a monoidal V-model category with associated monoidal 
Quillen adjunction i: V <^ M: r. Then, the functors i(— )<g>— , r(HoniM(~, — )) and 
Hom3vt(i(— ))— ) form a Quillen adjunction of two variables. □ 

A monoidal Quillen "V -adjunction between two monoidal V-modcl categories M 
and INT is a monoidal Quillen adjunction F: M X: U that respects the action 
of V, hence F is a strong symmetric monoidal functor together with a monoidal 
natural isomorphism p: Foi M -> i N . 

Throughout the rest of the paper, given a monoidal V-modcl category M and 
objects X and Y in M, and A in V, we will denote by A <E> X the tensor F(A) ® X, 
and by Hom(A, Y) the enrichment U(HomM(X, Y)). 

3. Coloured operads and algebras in enriched model categories 

Coloured operads can be defined in any closed symmetric monoidal category V 
and its algebras have sense in any monoidal V-catcgory M. In the first part of 
this section, we review the terminology and basic properties of coloured operads 
and its algebras (see [BV73] . [EM06|, §2], |Lei04j ). In the second part, we describe 
the (semi) model structure of the category of C-coloured operads in a cofibrantly 
generated monoidal model category. 

Throughout this section, V will denote a cocomplete closed symmetric monoidal 
category with tensor product <8> and unit /. We will denote by an initial object 
of V. 

3.1. Coloured operads and algebras. Let C be any set, whose elements will be 
called colours. A C-coloured collection 3C in V consists of objects %{c\, . . . , c„; c) 
in V, one for each (n + l)-tuple of colours (ci, . . . , c n , c) and n > 0, equipped with 
a right action of the symmetric groups, i.e., for each a S E n there are maps 

a* : DC(ci, . . . ,c„;c) — > 3C(c q(1) , . . . ,c Q ( n) ;c), 

where £„ is the symmetric group on n letters (the group S n denotes the trivial 
group if n = or n = 1). 

A morphism of C-coloured collections tp : 3C — > £ is a family of maps 

<Pa,...,c n ;c'- 3C(ci, . . . ,c„;c) — > £(ci, . . . ,c„;c) 
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in V, ranging over all n > and all (n + l)-tuplcs (ci, . . . , c n , c), and compatible 
with the action of the symmetric groups. The category of C-coloured collections in 
V will be denoted by Colic (V). 

A C-coloured operad CP in V is a C-coloured collection equipped with unit maps 
/ — > CP(c; c) for every c € C and, for every (n + l)-tuple of colours (ci, . . . ,c n ,c) 
and n given tuples 

(ai,l, • • • , Ctl,fci) c l)i • • ■ : ( a n,li • ■ • ) a n,k n , C„), 

a composition product map 

CP(ci, . . . ,c„; c) ® CP(aia, • ■ • j ai.fciJCi) ® • • ■ ® CP(a„,i, . . . ,a„,fc n ; c„) 

CP(ai i l, . . . , Cllfin 0,2,1, • ■ ■ , &2M i • ■ • i On,l, • • • , On,fc„ \ c), 

that is compatible with the action of the symmetric groups and subject to the usual 
associativity and unitary compatibility relations; see, for example, |EM06| §2]. 

A morphism of C-coloured operads is a morphism of the underlying C-coloured 
collections that is compatible with the unit maps and the composition product 
maps. The category of C-coloured operads in V will be denoted by Oper c (V). 
There is a free-forgetful adjunction 

F: eoll (V)^=tOper c .(V): U 

where U is the forgetful functor, and the left adjoint is the free C-coloured operad 
generated by a collection. 

If C = {c}, then a C-coloured operad CP is just an ordinary operad, where one 
writes CP(n) instead of CP(c, . . . , c; c) with n inputs, for every n > 0. 

Let M be a monoidal V-category. Algebras in M over coloured operads in V 
are defined in the following way. We denote by M the product category of copies 
of M indexed by the set of colours C, that is, M = HcsC ^ or cvcrv object 
X = (X(c)) ce c in M c , the endomorphism coloured operad End(X) of X is the 
C-coloured operad in V defined by 

End(X)(ci,. . . ,c„;c) = Hom(X(ci) ® • • • ® X(c n ),X(c)), 

where X(c%) ® • • • ® X(c n ) is meant to be / if n = 0. The composition product is 
ordinary composition and the E„-action is defined by permutation of the factors. 

Let CP be any C-coloured operad in V. A V-algebra in M is an object X = 
(X(c)) C £c °f ^Vf 7 together with a morphism CP — > End(X) of C-coloured operads 
in V. 

A map of V- algebras f : X — >• Y is a family of maps (/ c : X(c) — > Y(c)) c ec such 
that the following diagram of C-coloured collections in V 

CP > End(X) 

End(Y) > Hom(X, Y) 

commutes, where the top and left arrows are the given CP- algebra structures on X 
and Y respectively, the C-coloured collection Hom(X, Y) is defined as 

Hom(X, Y)(ci, . . . , c„; c) = Hom(X(ci) <g> • ■ ■ ® A(c„), F(c)), 
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and the right and bottom maps are induced by the maps / c . 

If the category V has pullbacks, then a map f of IP-algebras can be seen as a map 
of C-coloured operads 

9 — > End(f), 

where the C-coloured operad End(f) is obtained as the pullback of the diagram of 
C-coloured collections in V 

(3.1) End(f) >End(X) 



End(Y) > Hom(X, Y). 

Note that End(f ) inherits indeed a C-coloured operad structure from the C-coloured 
operads End(X) and End(Y). 

Given a C-coloured operad IP and an object X = (X(c)) c6 c m M , the restricted 
endomorphism operad Endy(X) is dchncd as follows: 

End(X)(ci, . . . ,c„;c) if 3>(ci, . . . , c„;c) ^ 0. 

otherwise. 



(3.2) Endy(X)( Cl ,...,c„;c) = 



There is a canonical inclusion of C-coloured operads Endy(X) — > End(X), and thus 
every morphism IP — > End(X) of C-coloured operad factors uniquely through the 
restricted endomorphism operad Endy(X). Hence, a IP-algebra structure on X is, 
in fact, given by a morphism of C-coloured operads IP — > Endy(X) 

Similarly, if X and Y are objects of M and IP is a C-coloured operad in V, we 
denote by Homy (X, Y) the C-coloured collection defined as 
(3.3) 

Hom(X, Y)(ci, . . . ,c„;c) if 7 (a, . . . ,c„;c) ^ 0, 



Hom y (X, Y)(ci, . . . , c„; c) 



otherwise, 



and, for a morphism f : X — > Y of IP-algebras, we denote by Endy(f) the pull- 
back (when it exists) of the restricted endomorphism operads of X and Y over 
Homy(X, Y), as in (j3~Tj) . 



3.2. The semi model structure for coloured operads. Let V be a cofibrantly 
generated monoidal model category. Then, the category of C-coloured collections 
Colic (V) admits a cofibrantly generated model structure, in which a morphism 
% — > £ is a fibration or a weak equivalence if %(c\, . . . , c n ; c) — > £(ci, . . . , c„; c) is 
a fibration or a weak equivalence in V, respectively, for any (n + l)-tuplc of colours 
(ci, . . . , Cn, c). Under suitable conditions (see [Cra95j . |Hir03| Theorem 11.3.2]) this 
model structure can be transferred along the free-forgetful adjunction 

(3.4) F: eollc(V) < > Opcr c (V): U 

to define a cofibrantly generated model structure on the category of C-coloured op- 
erads in which a morphism of C-coloured operads is a fibration or a weak equivalence 
if its underlying morphism of C-coloured collections is a fibration or a weak equiv- 
alence, respectively. The class of cofibrations is defined as the class of morphisms 
with the left lifting property with respect to trivial fibrations. These conditions 
hold if we assume that the unit of V is cofibrant, the existence of a symmetric 
monoidal fibrant replacement functor in V and the existence of an interval with a 
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coassociative and cocommutative comultiplication |BM07| Theorem 2.1] (see also 
|JY09| Theorem 1.1] for a generalization to coloured PROPs). 

For example, the categories of simplicial sets, fc-spaces or chain complexes over 
a commutative ring with unit satisfy these assumptions. However, no symmetric 
monoidal model category of spectra can have at the same time a cofibrant unit 
and a symmetric monoidal fibrant replacement functor |Lew91j . This problem 
can sometimes be avoided by considering the coloured operad whose algebras are 
C-coloured operads for a fixed sets of colours C; see |GV10j for a discussion in the 
category of symmetric spectra with the positive model structure. 

In general, if V is only a cofibrantly generated monoidal model category without 
any further assumptions, then the free-forgetful adjunction ()3.4[) does not provide a 
full model structure on Oper c (V) , but a weaker notion called a semi model structure. 
The idea of a semi model category is to assume that all axioms of model categories 
hold, except for the lifting axiom and the factorization axiom, that hold only for 
morphisms with cofibrant domain. Semi model categories are a particular example 
of categorie derivable relevante in the sense of jCislOj : see also }Rad09j . 

Definition 3.1. A semi model category structure on a category V is given by 
three classes of distinguished morphisms called weak equivalences, fibrations and 
cofibrations, satisfying the following axioms: 

(i) V is complete and cocomplctc 

(ii) Let / and g be two composable morphisms. If any two among /, g and 
go/ arc weak equivalences, then so is the third 

(iii) The classes of weak equivalences, fibrations and cofibrations are closed un- 
der retracts. 

(iv) The class of fibrations has the right lifting property with respect to the class 
of trivial cofibrations with cofibrant domain. The class of trivial fibrations 
has the right lifting property with respect to the class of cofibrations with 
cofibrant domain. 

(v) There exist functorial factorizations of any morphism with cofibrant do- 
main into a cofibration followed by a trivial fibration and also into a trivial 
cofibration followed by a fibration. 

(vi) The initial object is cofibrant. 

(vii) The classes of fibrations and trivial fibrations are stable under pullbacks 
and (possibly transfinitc) composites. 

Usually, semi model structures are transferred by an adjunction from a cofi- 
brantly generated model category, as in (|3.4|) . The fibrations and weak equiva- 
lences of the semi model structure are those morphisms that are fibration and weak 
equivalences in the model category when we apply the right adjoint. Cofibrations 
are defined as the morphisms with they the left lifting property with respect to the 
trivial fibrations. In the semi model structures obtained this way, axioms (vi) and 
(vii) are always satisfied and may be deduced from the others. 

Semi model categories were first defined by Hovey in }Hov98j and applied to the 
case of algebras over a commutative monoid. The use of semi model structures for 
categories of operads is due to Spitzweck |Spi01| ; see also |Fre09[ §12]. A proof of the 
following result for operads with one colour can be found in |Fre09| Theorem 12. 2 A] 
(cf. |Spi01[ Theorem 3.2]). An extension to the coloured case can be proved using 
the same arguments. For a version in the category of PROPs, see }FrelO| §4]. 
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Theorem 3.2. If V is a cofibrantly generated monoidal model category, then the 
model structure on Colic (V) transfers along the free-forgetful adjunction to a cofi- 
brantly generated semi model structure on Oper c (V), in which a morphism CP — >• Q 
is a fibration or a weak equivalence i/CP(ci, . . . , c n ; c) — ¥ Q(ci, . . . , c„; c) is a fibration 
or a weak equivalence in V, respectively, for every (ci , . . . , c„ , c) . □ 

Remark 3.3. In every semi model category, trivial fibrations have the right lifting 
property with respect to cofibrant objects, since the initial object of a semi model 
category is assumed to be cofibrant. 

Let J 1 be a C-coloured operad in V. We denote by CPoo a cofibrant replacement 
of CP in the semi model category Oper c (V), that is, CP^ is cofibrant and there is 
a trivial fibration CP,^ — > CP. The category of CPoo-algebras is called the category of 
homotopy T-algebras. 

4. Transfer of algebra structures 

Let V be a cofibrantly generated monoidal model category and let Oper c (V) be 
the category of C-colourcd opcrads in V with the transferred semi model structure. 
Let M be a monoidal V-model category. 

In this section, wc study how to transfer a CP-algebra structure on an object of 
M along a morphism, where Jvi c is viewed as a model category with the product 
model structure. In particular, we give sufficient conditions for the extension of 
the fibrant replacement functor and the cofibrant replacement functor over 
to preserve algebras over C-coloured operads. Our main result is that the unit 
and counit of a derived Quillen adjunction between monoidal V-model categories 
preserve algebras over cofibrant coloured operads. Given and object X of M c and 
two CP-algcbra structures 7 and 7' : CP — > End(X) on X, we say that they coincide up 
to homotopy if 7 and 7' are equal in the homotopy category of C-coloured operads 
in V. 

Lemma 4.1. Let M be a monoidal V-model category. Let CP be a cofibrant C-co- 
loured operad in V and f : X — > Y a morphism in M . 

(i) // the natural map Endy(Y) — > Homy(X, Y) induced by f is a trivial fi- 
bration of C-coloured collections in V, then any CP '-algebra structure on X 
extends along f to a homotopy unique T-algebra structure on Y such that 
f is a map of 7-algebras. 

(ii) If the natural map Endy(X) — >■ Hom<j>(X, Y) induced by f is a trivial fi- 
bration of C-coloured collections in V, then any CP '-algebra structure on Y 
lifts along f to a homotopy unique 1 '-algebra structure on X such that f is 
a map of CP- algebras. 

Proof. Consider the C-coloured operad Endy(f) defined as the following pullback 
in the category of C-coloured collections 

(4.1) Endy(f) P >Endy(Y) 

r : 

Endy(X) ► Hom y (X, Y). 

Under the assumptions of (i), the morphism r is a trivial fibration since it is the 
pullback of a trivial fibration. Since the coloured operad CP is cofibrant, there is a 
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lifting 

Endy(f) 

T 

CP'-^End;p(X), 

where a: CP — > Endy(X) is the given CP-algebra structure on X. Now, composing 
this lifting with the map p endows Y with a CP-algebra structure such that f is 
a map of CP-algebras. Part (ii) follows similarly by using that, in this case, the 
morphism p in (|4.1|) is a trivial fibration. 

To prove homotopy uniqueness in part (i), suppose that we have two CP- algebra 
structures on Y, denoted by 7 and 7': CP — > Endy(Y), and assume further that 
f is a map of CP-algebras for each of them, i.e., 7 and 7' factor through Endy(f). 
Now, let 6, 8': CP — > Endy (f ) be such that 7 = p o 6 and 7' = pod'. Since r is a 
trivial fibration and toS = r a 5', it follows that S and S' are equal in the homotopy 
category of C-coloured operads and hence so are 7 and 7'. Uniqueness for part (ii) 
is proved in the same way. □ 

Definition 4.2. Let F be an endofunctor on a category M. The extension of 
F over JA C is the endofunctor on M c , which we keep denoting by F, given by 
F~X. = (FX(c)) C £c- If F is equipped with an augmentation 77 or a coaugmentation 
e, then ?/ x = (f?x(c))cec and e x = (sx(c))ceC respectively. 



Our main application for Lemma 14.11 is when f is the natural map from X to 
the extension of a fibrant replacement RX or the natural map from the extension 
of a cofibrant replacement QX to X. Recall that R denotes the functorial fibrant 
replacement in M, that is, a coaugmcntcd functor (R,j) such that for every X 
in M the natural map jx '■ X — > RX is a trivial cofibration and RX is fibrant. 
Dually, Q denotes the functorial cofibrant replacement in JVC, that is, an augmented 
functor (Q, i) such that for every X in M the natural map ix ■ QX — > X is a trivial 
fibration and QX is cofibrant. 

Proposition 4.3. Let M be a monoidal V-model category. Let CP be a cofibrant 
C-coloured operad inV and consider the extension of the fibrant replacement functor 
R over JA C . Let X be a V-algebra such that X(c) is cofibrant in M for every c G C. 
Then RX. admits a V-algebra structure such that the natural map jx '■ X — > RX. is 
a map of CP -algebras. 

Proof. For all n > and all (c±, . . . , c n ; c) such that CP(ci, . . . , c„; c) 7^ the induced 
map 

Rom(RX{ Cl ) <g> • • • ® RX(c n ), RX(c)) 
tec)* 

HompC(ci) <g> • • • ® X{c n ), RX(c)) 

is a trivial fibration in V. Indeed, the map 

X(ci) ® • • • <g> X(Cn) — > RX(d) ® • • ■ ® RX(c n ) 

is a trivial cofibration by the fact that X(c) is cofibrant for all c G C and the 
pushout-product axiom in M. Now, (jx)* is a trivial fibration by (|2.2p since RX{c) 
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is fibrant. Hence the morphism of C-coloured collections 

Endy(i?X) — > Hom y (X,i?X) 
is a trivial fibration. The result follows now from Lemma l4.1f i). □ 

Remark 4.4. The cofibrancy condition on the objects X(c) is needed to prove that 
the map 

X(a) ® ■ • • ® X(c n ) — > RX(a) ® • • ■ ® RX(c n ) 

is a trivial cofibration. In general, the tensor product of two trivial cofibrations is 
not a trivial cofibration. The pushout-product axiom implies that this is the case 
if the trivial cofibrations involved have cofibrant domains or, more generally, when 
the domains of the generating trivial cofibrations of JVC are cofibrant. 

Proposition 4.5. Let JVC be a monoidal V-model category. Let 7 be a cofibrant 
C-coloured operad in V and consider the extension of a cofibrant replacement Q 
over JVC . Let X be a 7 '-algebra in JVC. If the induced map 

(4.2) Hom(7, QX(c)) — ► Hom(7, X(c)), 

where I denotes the unit of JVC, is a trivial fibration for every c G C such that 
7(;c) 7^ ; then QX admits a 7-algebra structure such that the natural map 
ix : — > X is a map of 7-algebras. 

Proof. The result is proved in the same way as Proposition 14. 3[ but using Lem- 
ma SUlJii). In this case we have to check that the induced map 

Hom(QX( Cl ) ® ■ • ■ ® QX(c n ), QX(c)) 

(tx). 

Hom(QX(ci) ® • • • ® QX(c n ), X(c)) 

is a trivial fibration. The case n = is true by assumption (|4.2[) . For n > 1 the 
result follows from the pushout-product axiom and (|2.2[) . □ 

Remark 4.6. Note that condition (|4.2[) can be avoided if the unit / is cofibrant in 
JVC or if the C-coloured operad 7 is positive, i.e., 7{ ; c) = for every c G C. 

Theorem 4.7. Let JVC and JNf 6e monoidal V-model categories and F : JVC «^ jNf: C/ 
a monoidal Quillen V '-adjunction. Let 

hF : Ho(JVt c ') ( > Ho(JV c ) : WJ 

denote the derived adjunction. Let 7 be a cofibrant C-coloured operad in V and con- 
sider the extension of F and U over M. c andJi c ' , respectively. If X is a 7 -algebra 
in JVC such that X(c) is cofibrant for every c G C , then RLTLFX admits a homotopy 
unique 7-algebra structure such that the unit of the derived adjunction 

X — ► RITLFX 

is a map of 7-algebras. 

Proof. If X is a CP-algebra, so is FX since F is a strong symmetric monoidal functor 
between monoidal V-categories, and the unit of the adjunction 



X — > UFX. 
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is a map of CP-algebras (U is a symmetric monoidal functor between V-categories). 
Now, FX is cofibrant because X is cofibrant in M c and F is a left Quillen functor. 
By Proposition 14. 31 the fibrant replacement 

(4.3) j> x : FX^R(FX) 

has a homotopy unique CP- algebra structure such that j'fx is a map of CP-algebras. 
The functor U sends CP-algebras to CP-algebras and maps of CP-algebras to maps of 
CP-algebras, hence applying it to (|4.3[) we have that 

UFX — ► UR(FX) = RU(FX) = RU1LFX 

is a map of CP-algebras (the last equality holds since X was already cofibrant). □ 

Theorem 4.8. Let M and CM be monoidal V '-model categories and F: M N: U 
a monoidal Quillen V '-adjunction. Let 

LF : Ro{M c ) < > Ho(N c ) : WJ 

denote the derived adjunction. Let CP be a cofibrant C -coloured operad in V and 
consider the extensions of F and U over M. c and N c ; respectively. If X is a 
"P-algebra in CNT such that X(c) is fibrant for every c £ C, and the induced map 

(4.4) Hom(/, Q(UX{c))) — > Hom(/, UX{c)) 

is a trivial fibration in V for every c € C such that CP( ; c) ^ 0, where Q denotes 
the cofibrant replacement functor in M 7 then ~LFRUX admits a homotopy unique 
^-algebra structure such that the counit of the derived adjunction 

LFRUX — > X 

is a map of T-algebras. 

Proof. The proof is the same as in Theorem 14 . 71 but using Proposition 14.51 □ 

5. Enriched localization and colocalization of algebras 

5.1. Enriched Bousfield localizations and colocalizations. Let V be a mo- 
noidal model category and let M be a V- model category We denote by Map(— , — ) 
an enriched homotopy function complex defined as 

Map(X, Y) = Hom(QX, RX) 

for every X and Y, where Hom( — , — ) denotes the V-enrichment and Q and R 
are the cofibrant replacement functor and the fibrant replacement functor in M, 
respectively. Thus, Map(X, Y) is always a fibrant object in V that is homotopy 
invariant. 

Enriched Bousfield localizations and colocalizations are similar to Bousfield lo- 
calizations and colocalizations, but defining the class of local and colocal objects 
by means of the enriched homotopy function complex instead of the simplicial one; 
see [Bar 10] for a detailed account on enriched Bousfield localizations. 

Let £ be a class of morphism in M and let % be a class of objects in M. An 
object Z of M is £ -local if it is fibrant and the induced map 

/* : Map(F, Z) — ► Map (A, Z) 

is a weak equivalence in V for every map / : A — > B in L . A map g : X — > Y is an 
L -local equivalence if the induced map 

g* : Map(F, Z) — > Map(A, Z) 
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is a weak equivalence in V for every Z that is £-local. 

A map g : X — > Y is a %-colocal equivalence if the induced map 

g*: Map(Z,A) — >Map(Z,F) 

is a weak equivalence in V for every Z in %. An object Z of M is %-colocal if it is 
cofibrant and the induced map 

/* : Map(Z, A) — > Map(Z, B) 

is a weak equivalence in V for every map / : A — > B that is a 3C-colocal equivalence. 

Definition 5.1. The enriched Bous field localization of M with respect to £ is a 
V-model structure M.£ on M such that: 

(i) The cofibrations in are the same as the cofibrations in M. 

(ii) The weak equivalences in M£ are the £-local equivalences, 
(hi) The fibrant objects in M,c are the £-local objects. 

The L -localization functor in M is defined as the functorial fibrant replacement 
(L,r]) in For every X in M, the natural map r\x ■ X — > LX is a cofibration 

and an £-local equivalence, and LX is £-local. 

Definition 5.2. The enriched Bousfield colocalization of M with respect to % is a 
V-model structure M 3 *" on M such that: 

(i) The fibrations in M 30 are the same as the fibrations in M. 

(ii) The weak equivalences in M 30 are the DC-colocal equivalences, 
(hi) The cofibrant objects in M £ are the UC-colocal objects. 

The %- colocalization functor in M is defined as the functorial cofibrant replace- 
ment (K, e) in M K . For every X in M, the natural map ex '■ KX — > X is a fibration 
and a !]C-colocal equivalence, and KX is 3C-colocal. 

As proved in [BarlOj . the enriched Bousfield localization with respect to a set 
of morphisms always exists in a V-model category M, provided that the category 
M is left proper and combinatorial, and the category V is combinatorial. Dually, 
the enriched Bousfield colocalization with respect to a set of objects always exists 
under the same assumptions on V and M as above, but replacing left proper by 
right proper. This is the case, for example, of the category of simplicial sets and 
the category of symmetric spectra enriched over itself or enriched over simplicial 
sets. 

Remark 5.3. If M is a monoidal V-model category and £ is a class of morphism 
and % a class of objects for which Bousfield localization and colocalization exist, 
then both and M 3 ^ are V-model categories, and although they arc monoidal 
as categories, they are not always monoidal model categories. Hence and M 30 
are not monoidal V-categories since the pushout-product axiom will not hold in 
general. However, if V = M and we view M as a monoidal M-modcl category then 
M£ and M 3 ^ are, in fact, monoidal M-model categories. 

The following result follows directly from the definitions of the enriched localized 
and enriched colocalized model structure. 

Lemma 5.4. Let M. be a monoidal V-model category. Then the identity functors 
Id : M M£ : Id and Id : M 30 M : Id are Quillen adjunctions. 
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Proof. The cofibrations in are the same as the cofibrations in M and the fi- 
brations in M x are the same as the fibrations in M. The result follows using 
that any weak equivalence in M is both an £-local equivalence and a 3C-colocal 
equivalence. □ 

5.2. Localization and colocalization of algebras over coloured operads. 

We have seen that enriched localizations and enriched colocalization functors are 
particular cases of functorial fibrant and functorial cofibrant replacements, respec- 
tively. To prove that these functors preserve algebraic structures in monoidal 
V-categories, we would like to apply Theorem 14.71 and Theorem 14.81 to the Quillcn 
adjunction described in Lemma 15.41 but this only work when V = M and M is a 
monoidal M-category, in which case M,£ and M 1 are monoidal model categories. 

For any monoidal V-catcgory M we know, by Remark 15.31 that M,£ and M 1 
are not monoidal model categories in general. However, the proofs that work in 
the case V = M can be adapted to the general case by imposing suitable closure 
properties on £-local equivalences and 3C-colocal objects under the tensor product. 

Proposition 5.5. Let L be a class of morphisms and % a class of objects in a 
monoidal V-model category M and assume that the enriched Bousfield localization 
M,£ and the enriched Bousfield colocalization exist. 

(i) Let L be the extension of the localization functor over M and let X be 
an object of M. c such that X(c) is cofibrant for every c G C. If for every 
(ci, . . . , c n ) and n > the tensor product f]x( Cl ) ® ' ' ' ® Vx(c n ) * s an L -local 
equivalence, then the induced map 

End(iX) — > Hom(X, LX) 

is a trivial fibration of C -coloured collections in V. 

(ii) Let K be the extension of the colocalization functor over M c and let X 
be an object of M. c such that X(c) is fibrant for every c 6 C. If for ev- 
ery (ci, . . . , Cn) and n > 1 the tensor product KX(c\) ® ■ ■ ■ ® KX{c n ) is 
%-colocal and the unit of JVC is also %-colocal, then the induced map 

End(A'X) — > Eom(KX, X) 

is a trivial fibration of C -coloured collections in V. 

Proof. To prove part (i) use that the map 

X(ci) ® ■ ■ ■ ® X(cn) — > LX(ci) ® • • • ® LX(c n ) 

is an £-local equivalence for every (ci,...,c„) and every n > by assumption. 
Since LX(c) is £-local for every c £ C and X(c) is cofibrant for every c S C, it 
follows from the definition of £-local equivalences that 

Hom(LX(ci) ® • ■ ■ ® LX(c n ),LX(c)) — > Hom(X(ci) ® ■ • • ® X(c n ),LX(c)) 

is a weak equivalence. 

Part (ii) is proved by a dual argument. For every (ci, . . . , c„) and every n > 
the object 

KX(a) ® • • ■ ® KX(Cn) 

is 3C-colocal by assumption (for n = the tensor product is the unit I). Now, the 
map KX{c) — > X(c) is a %-colocal equivalence for every c 6 C. Therefore, and 
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using that X(c) and hence KX(c) are fibrant for all c € C we have that 
Rom(KX(d) ® •• • ® M(c„),H(c)) — ► Bom(KX( Cl ) ® ■ • ■ ® iO"(c„), X(c)) 
is a weak equivalence by definition of K-colocal object. □ 

The closure assumptions of Proposition 15.51 arc satisfied when V = M as shown 
in the following lemma. 

Lemma 5.6. Let M be a monoidal model category viewed as a monoidal JA-model 
category and consider the enriched localized and colocalized model structures M,£ 
and M. x . Then the following hold: 

(i) The tensor product of two L -local equivalences with cofibrant domains and 
codomains is again an L -local equivalence. 

(ii) The tensor product of two %-colocal object is %-colocal. 

Proof. Let X — > Y and X 1 — > Y' be two £-local equivalences, with X, X' , Y and 
Y 1 cofibrant in V. For any £-local object Z we have that 

Hom(y', Z) — > Uom(X', Z) 

is a weak equivalence because Y 1 — > Y is an £-local equivalence, Z is £-local, and 
Y and Y' are cofibrant and Z is fibrant. Therefore 

Hom(Y, Hom(T', Z)) — > Uom(X, Rom(X', Z)), 

and, by adjunction, 

Hom(T ® Y', Z) — >■ Hom(X ® X', Z), 

are weak equivalences. But since X , X' ', Y and Y' are cofibrant and Z is fibrant, 
the last statement is equivalent to the map 

Map(y ® Y', Z) — > Map(X ® X', Z), 

being a weak equivalence. A similar argument proves part (ii). □ 

Theorem 5.7. Let M be a monoidal V -model category. Let 7 be a cofibrant 
C -coloured operad in V and consider the extension of a localization functor {L,rf) 
over M*- 7 . If X is a V-algebra in M such that X(c) is cofibrant for every c 6 C and 
the morphism 

(5.1) (jfcOd ® • • • ® (?7x) c „ : X(ci) ® • • • ® X(c„) — > LX(ci) LX(c„) 

is an L-local equivalence for every n > whenever 7(ci, . . ■ , c„; c) is nonempty, 
then LX admits a homotopy unique 7-algebra structure such that 7yx *s « map o/ 
T-atyeforas. 

Proof. The localization map of a cofibrant object X in JA C is given by the unit of 
the derived adjunction of the Quillcn pair 

Id: M j 1 M L : Id 

given in Lemma 15.41 The result follows along the same lines as Theorem 14.71 but 
using Lemma 14.11 and Proposition I5.5f i) to prove that fibrant replacements in M£ 
preserve T-algebra structures. □ 
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Theorem 5.8. Let M be a monoidal V -model category. Let CP be a cofibrant 
C -coloured operad in V and consider the extension of a colocalization functor (K, e) 
over M. c . //X is a V-algebra in M such that X(c) is fibrant for every c £ C, the 
unit L is %-colocal, and for every n>\ 

(5.2) KX( Cl )®---®KX{c n ) 

are %-colocal whenever CP(ci, . . . , c n ; c) ^ 0, then K"K admits a homotopy unique 
"P-algebra structure such that ex is a map of "P-algebras. 

Proof. The colocalization map of a fibrant object X in M c is given by the counit 
of the derived adjunction of the Quillen pair 

Id: M 3C ^=^M: Id 

The result follows along the same lines as Theorem 14.81 but using Lemma 14.11 and 
Proposition I5.5f ii) to prove that cofibrant replacements in M 30 preserve CP-algebra 
structures. □ 

Remark 5.9. By Lemma \5.6\ conditions (|5.1|) and (|5.2|) are always satisfied in the 
case V = M. 



6. Localization and colocalization away from ideals and coideals 

If X = (X(c)) C £c is an algebra over a C-coloured operad CP, sometimes we will 
need to carry out certain constructions on some subset of the components X(c), 
but not on the others. For example, any pair (R, M) of objects of M, where R is a 
monoid and M is an i?-module is an algebra over the 2-coloured operad for modules 
over monoids. It is interesting to localize or colocalize not only R and M at the 
same time but also only R or only M and ask in which cases the resulting pair is still 
a monoid and a module over it. Hence, it is convenient to introduce the following 
convention about extending endofunctors on the category M to endofunctors on 
the product category M relative to a subset of the set of colours C. 

Definition 6.1. Let F be an endofunctor on a category M. The extension of F over 
M. c away from a subset J C C is the endofunctor on M, c , which we keep denoting by 
F, given by FX = (F c X(c)) c ^c where F c is the identity functor if c S J and F c = F 
if c ^ J. If F is equipped with an augmentation 77, then (?7x)c = Vx(c) if c ^ J and 
the identity map otherwise. Similarly, if F is equipped with a coaugmcntation e, 
then (ex)c = £ x(c) if c $ J and the identity map otherwise. 

We also define special subsets of the set of colours (depending on CP) called ideals 
and coideals. 

Definition 6.2. Let CP be a C-coloured operad. A subset J C C is called an ideal 
relative to CP if CP(ci, . . . ,c„;c) = whenever n > 1, c 6 J, and c, ^ J for some 
i G {1, . . . , n}. A subset / C C is called a coideal relative to CP if / = C \ J for some 
ideal J relative to CP. 

Ideals and coideal will codify to which of the components of the CP-algebra we 
can apply the corresponding localization or colocalization functor and still get a 
CP-algebra structure. All of the theorems in the preceding sections can be generalized 
by using ideals and coideals in the set of colours, with similar proofs. As an example, 
we formulate the extension of Theorem 15 . 71 and Theorem 15.81 in this setting. 
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Theorem 6.3. Let M be a monoidal V-model category. Let CP be a cofibrant 
C -coloured operad in V and consider the extension of a localization functor (L,rj) 
over M. c away from an ideal J C C. Lf X is a V-algebra in M such that X(c) is 
cofibrant for every c G C and the morphism 

(>/x) Cl <8> • • • ® (r/x) c „ : X(a) ® ■ ■ ■ ® X(c n ) — > L cl X(a) ® • ■ • ® L Cn X{c n ) 

is an L-local equivalence for every n > whenever CP(ci, . . . , c„; c) is nonempty, 
then LX admits a homotopy unique T-algebra structure such that ?yx is a mop 0/ 
7-algebras. □ 

Proof. One proceeds as in the proof of Theorem 15. 71 The key point is to check that 
for all n > and all (ci, . . . , c n ; c) such that CP(ci, . . . , c„; c) 7^ the induced map 

Hom(L Cl X(ci) ® • • • ® L Cji X(c„), L C X (c)) 

Hom(X(ci) ® ■ • • ® X(c„), L c X(c)) 

is a trivial fibration in V. Indeed, if c G J, then c, e J for all i (since J is an ideal) 
and therefore the map is the identity; and if c J, then it is a weak equivalence since 
L c X(c) = LX(c) is £-local and (??x)ci ® • • • ® ( r /x)c„ is an £-local equivalence, and 
it is a fibration by (|2.2j) . The CP-algcbra structure on LX is now obtained similarly 
as in Lemma r4.1f i). □ 

Theorem 6.4. Let M be a monoidal V-model category. Let CP be a cofibrant 
C -coloured operad in V and consider the extension of a colocalization functor (K, e) 
over M. c away from a coideal C\ J. Lf X is a V-algebra in M such that X(c) is 
fibrant for every c G C , the unit L is %-colocal if CP( , c) 7^ for some c G C , and 
for every n > 1 

K Cl X{c x ) ® ■ ■ • <g> K Cn X(c n ) 

are %-colocal whenever CP(ci, . . . , c„; c) is nonempty and c $ C\J , then KX admits 
a homotopy unique CP '-algebra structure such that ex. is a map of CP '-algebras. □ 

Proof. For all n > and all (c±, . . . , c„; c) such that CP(ci, . . . , c„; c) 7^ the induced 
map 

Uom(K Cl X{ Cl ) <g> • • • ® # Cn X(c„), K c X(c)) 



Hom(A: ci X(c 1 ) ® • • ■ ® # c „X(c n ),X(c)) 

is a trivial fibration in V. Indeed, if c G C \ J, then the map is the identity. If 
c £ C\J, then Cj ^ C\J for all i (since C \ J is a coideal) and therefore it is a weak 
equivalence since K c X(c) = KX(c) is CK-colocal and K cl X(ci) ® • • • <g) LT Cn X(c n ) 
is 3C-colocal by assumption; and it is a fibration by (|2.2[) . The CP- algebra structure 
on -fTX is now obtained similarly as in Lemma l4.1f ii). □ 

Remark 6.5. Note that Theorem 16.41 remains true if wc replace the coideal C \ J 
by an ideal J and we impose that X(c) is also cofibrant for every c G J. This 
additional assumption ensures that K Cl X(c\) ® ■ ■ ■ ® K Cn X(c n ) is always cofibrant 
if y{c\ , . . . , c n ; c) 7^ and c J. 
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7. Connective covers of Aoc and Eoo rings and modules 

Let Sp s denote the category of symmetric spectra with the standard model 
structure given in jHSSOOl §3.4]. This is a monoidal sSets*-model category, where 
sSets* denotes the category of pointed simplicial sets. 

For any n £ Z, we say that a spectrum X is n-connective if TTk(X) = for k < n. 
We call X connective if it is (— l)-connective. Let %(n) = {Y, n+1 S }, where S° 
denotes the sphere spectrum. The n-connective cover functor K n+ \ is the enriched 
3C(n)-colocalization functor in Sp s (where we view Sp s as a category enriched over 
simplicial sets). For any spectrum X , there is a natural map 

e x ■ K n+1 X — ► X 

such that K n+ iX is n-connective and cofibrant and ex is a 3C(n)-colocal equiva- 
lence, that is, it induces an isomorphism in 7Tfe for k > n. Any cofibrant n-connective 
spectrum is of the form K n+ \X for some X. 

Let map(— , — ) denote the simplicial homotopy function complex in Sp s defined 
by map(X, Y) = Map(<3^, RY), where Q is the cofibrant replacement functor, R is 
the fibrant replacement functor and Map(— , — ) is the simplicial enrichment of Sp s . 
Then 

7r„map(X,y) = \Et n X,Y] S n n F(X,Y) 

for all spectra X, Y and n > 0, where F(—,—) denotes the derived function spec- 
trum; cf. |Hov991 Lemma 6.1.2]. Thus, the simplicial set map(X, Y) has the same 
homotopy groups (with any choice of a base point) as the connective cover F C (X, Y) 
of the spectrum F(X,Y). Hence, if we have a colocalization on Sp s with respect 
to a set of objects X, then a (cofibrant) spectrum X is 3C-colocal if and only if 

(7.1) F C (XJ): F C (X,A) — >F C (X,B) 

is a weak equivalence of spectra for every 3C-colocal equivalence A — > B. 

Remark 7.1. Note that, by (|7.ip . if X is 3C-colocal, then X is also ^"^X-colocal, 
where Y,~ k X = \Yr k Z \ Z e 3C}, and (a cofibrant replacement of) Y, k X is 
3C-colocal, for all k > 0. Dually, if / is a 3C-colocal equivalence, then / is also 
a E fc 3C-colocal equivalence and £~ fe / is a 3C-colocal equivalence, for all k > 0. 
Moreover, since F C (X,A) = F c (S fe X, T, k A) for all X, A and k <E Z, we may infer 
that if X is 3C-colocal, then Yj k X is S fc 3C-colocal for all k E Z, and similarly for 
3C-colocal equivalences. 

The smash product of two 3C-colocal spectra need not be 3C-colocal, but it is so 
if any of them is connective. The following lemma is a generalization of this fact 
when % = X(n) for some n € Z. 

Lemma 7.2. For every n, m G Z. if X is X(n)-colocal and Y is X(m)-colocal, 
then the spectrum X AY is X(n + m)-colocal, . In particular, if X is cofibrant and 
connective, then X A K n Y is X(n)-colocal. 

Proof. Let A — s- B be any %{n + m)-colocal equivalence. By Remark 17.11 the 
spectrum Y>~ n X is 3C(0)-colocal. Then 

F C {X AY, A) ~ F C (IT"X A Y, n Y, A) ~ F C (S~"X, F c {Y7 l Y, A)) 

~ F c (E~ n X, F c (S n y, B j) ~ F c {Y,~ n X A B) ~ F C {X A Y, B). 
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The equivalence F c (E n Y, A) ~ F c {Y> n Y,B) holds since Y, n Y is X(n + m)-colocal 
by Remark 17. II and A — > B is a %{n + m)-colocal equivalence. □ 

An A^j ring spectrum is an algebra over a cofibrant replacement of the associative 
operad .Ass in simplicial sets. An Eoo ring spectrum is an algebra over a cofibrant 
replacement of the commutative operad Com in simplicial sets. 

Theorem 7.3. Let R be an A^ or Eoo ring spectrum with a fibrant underlying 
spectrum. Then, the connective cover KqR has a homotopy unique Aoo or ring 
spectrum structure such that the colocalization map KqR — > R is a map of Aoo or 
Eoo ring spectra. 

( n ) 

Proof. By Lemma 17.21 we have that KqX® ■ ■ ■ ®KqX is 3C(0)-colocal for every 
n > 1. For n = we know that the sphere spectrum is cofibrant in the standard 
model structure of symmetric spectra. The result now follows from Theorem 15.81 
since Aoo and E^ are cofibrant operads. □ 

Let f be a one coloured operad. Then, there is a C-coloured operad Mody with 
two colours C = {r, m} whose algebras are pairs {R, M) where R is a ^-algebra 
and M is a (left) ^-module. An A^ or E^ module (over an 4 M or E^ ring 
spectrum) is an algebra over a cofibrant resolution of the 2-coloured operad Modyi ss 
or Modeom, respectively; see |CGMV10| §2.1 and §5.1] for a description of these 
coloured operads. 

Theorem 7.4. Let (i?, M) be an A^ or E^ module where R and M are fibrant as 
spectra. Then {KqR, K n M) has a homotopy unique A^ or E^ module structure 
such that the colocalization map is a map of A^ or Eoo modules, for every n € Z. 

Proof. The C-coloured operad for modules over monoids has two colours C = 
{r, m}. The set {r} is an ideal and the set {m} is a coidcal for this coloured operad. 
Applying Theorem 16.41 using the colocalization functor Kg and the coideal {m} we 
obtain that {KqR, M) is an A^ or Eoo module. We may now use Remark 16.51 (note 
that KqR is both fibrant and cofibrant as a spectrum) and apply Theorem 16 . 41 with 
the colocalization functor K n and the ideal {r} to the pair {KqR, M), yielding the 
desired result. □ 
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